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MATHEMATICAL PHYSICS SOLUTIONS
NET/JRF (JUNE-2011)

Q1.  The value of the integraljdz z°e’ , where C is an open contour in the complex z -plane as
C

Imz
shown in the figure below, is: /:\
|
5 5
(a) >+e (b) e—> 1(0,1)
e € T
|
|
(c)é—e (d)—é—e ! ¢
€ ¢ 1l B Fo—————————> Rez
ns. : (c) (-1,0) : (1’0
Solution: If we complete the contour, then by Cauchy integral theorem '
1 1
J'dzzzeZ +J.dzzzeZ =0=> _fdzzzez = —_fdzzzeZ =— [z2eZ —-2ze" + 2ez]1 22,
- C C - - €
Q2.  Which of the following matrices is an element of the group SU (2)?
1+i -1
1 3B
@ oy R %
NERNE]
1 43
240 i P
c dl 2 2
(© ( . J OV E 1
2 2
Ans. : (b)
. : . a —p 2 2
Solution: SU (2) is a group defined as following: SU (2): {ﬂ = J:a,ﬂ eC; a| +|,6’| = }
L4+ 1 -1 - 1
clearly (b) hold the property of SU (2) and a =—,0 =—.
5P NN

Note: SU(2) has wide applications in electroweak interaction covered in standard model
of particle physics.
Q3. Let d and b be two distinct three dimensional vectors. Then the component of b that is

perpendicular to & is given by
16 a) ! xb) la-bp b-ak
(a) 2 o (b) (c) b’ (d) .

Ans. : (a)
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Solution: & xb = absin @ where A is perpendicular to plane containing

-

d and b and pointing upwards. b b

sin 6k

v

éx(§x6)= absiné’(éxﬁ)z—azbsinekA

bsinHkA:M = bsin 8K :ﬁbzx_a).
a

a2

|

Q4. Let pn(X) (where n=0,1,2,......) be a polynomial of degree n with real coefficients,

4
defined in the interval 2<n<4.If J- P (X) P (X)dX = S , then

2
(a) po(x)= % and pi(x)= \E(— 3-x)  (b)po(x)= % and pi(x)=~/3(3+x)

@ =1 adpt)= 260 @ p)=Eandp09= 261

Ans. : (d)
Solution: For n not equal to m kroneker delta become zero. One positive and one negative term

can make integral zero. So answer may be (c) or (d). Now take n=m =0 so p, (X): %

and then integrate. (d) is correct option because it satisfies the equation Check by
integration and by orthogonal property of Legendre polynomial also.

Q5. Which of the following is an analytic function of the complex variable z = X +1y in the

domain|z| <07

(@) 3+ x—iy) (b) (1+x+iy)* (7 -x—iy)’
(© (1-x—iy)" (7-x+iy)’ (d) (x+iy-1)"?
Ans. : (b)

Solution: Put z=Xx+1y. If Z=X—Iy appears in any of the expressions then that expression is
non-analytic. For option (d) we have a branch point singularity as the power is 5y which

is fractional. Hence only option (b) is analytic.
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Q6.  Consider the matrix M :(1 1 1]
111

A. The eigenvalues of M are

(2)0,1,2 (b)0,0,3 ©1,1,1 d-1,1,3
Ans. : (b)
-4 1 1
Solution: Foreigenvalues| 1 1-4 1 [=0
1 1 1-4

(1=AN1=AY =1)-(1=2=1)+1(1-(1=2)=0

(= AN+ 2 =2A—=1)+ A+ A=0=2 =24 -2 + 24 +21=0

B =32 =0=2(1-3)=0=1=0,0,3

For any nxn matrix having all elements unity eigenvalues are 0,0,0,...,n.

B. The exponential of M simplifies to (I is the 3 x 3 identity matrix)

(a) eM =1 +[e33_1)|v| (b) " =1+ M +M712
(c) e™ =1+3*M (d) e" =(e—-1)M
Ans. : (a)

Solution: For e", let us try to diagonalize matrix M using similarity transformation.

~2 1 17x] Jo
ForA=3,0 1 -2 1 |x,|=|0
11 =2|x]| |0

= =2%+X%+X =0, X, =2X, +X; =0, X, + X, =2%; =0
= -3X, +3X; =0 or X, =X, =X, =X, =X; =K.

1
Eigen vector is € 1|, where k=1.

3 1

ForA=0,
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11 1% 7o
I 1T 1% [0]|=X+X,+X,=0
11 1)x, 0
K, 1
Let x, =k, X, =k, and x, =(k, +k, ). Eigen vectoris| k, |=—=|-1| where k, =k, =1.
(
(k,+k,)
1
Let Xl=k1,X2=k2andX3=—(k1+k2).OtherEigenvector% 0 | where k, =1k, =—1.
<
0 1
S=|-1 :>Sl— ~1|=>D=S"'MS,M =SDS™".
I -11
1 0 0
3_
=Se°S"'=e={0 1 0 :>eM=1+<e 31)M
00 ¢

NET/JRF (DEC-2011)

Q7.  An unbiased dice is thrown three times successively. The probability that the numbers of

dots on the uppermost surface add up to 16 is

1 1
(a) 16 (b) 36 () ﬁ (d) R
Ans. : (b)
Solution: We can get sum of dice as 16 in total six ways i.e. three ways (6, 5, 5) and three ways
(6, 6, 4).
Total number of ways for 3 dice having six faces = 6x6x6
6 1
6x6x6 36

Q8. The generating function F Xt =ZP X)tn for the Legendre polynomials Pn(x)
n=0

n

isF(x,t)= (1—2Xt +t2)7% . The value of P,(~1) is
(@) 5/2 (b) 3/2 (©) +1 d) —1
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Ans. : (d)
Solution: P, = %(5x3 ~3x)=> Py(-1)= %(5(—1)3 ~3(-1))= %[—5 +3]=-1

Q9.  The equation of the plane that is tangent to the surface Xyz =8 at the point (1, 2, 4)is

(a) X+2y+4z=12 (b) 4x+2y+z2=12
(c) x+4y+2=0 (d) x+y+z=7
Ans. : (b)

Solution: To get a normal at the surface, lets take the gradient

—_

V(xyx)= yzi +2xj + kxy = 8i + 4] +2k

. . L= (8T +4]+2K
We want a plane perpendicular to this so: (r -, ) i—) =0.
V64 +16+4

(x=1) +(y-2)j+ (z—4)K|:[8F + 4]+ 2k|= 0 = dx+2y+ 2 =12.
Q10. A 3x3 matrix M has Tr[M]=6, Tr[M?|= 26 and Tr[M*|=90 . Which of the following

can be a possible set of eigenvalues of M ?

(@) {1,1,4} (b) {-1,0,7} (©) {-1,3.4} d) {2,2,2}
Ans. : (c)
Solution: Tr[M?]= (=1) + (3) + (4)” alsoTr[M*|= (<1} + (3) +(4) =90.

Q11. Let x/(t) and x,(t) be two linearly independent solutions of the differential equation

O 2% =0 and 1o W(t):xl(t)dxét(t)—xz(t)d)gft). If w(0)=1, then w(1) is
given by
() 1 (b) e (©) 1/e (d) 1/¢>

Ans. : (d)

Solution: W (t) is Wronskian of D.E.

W=e ™ e S w(1)=e2since P = 2.
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1 for2n<x<2n+1

12.  The graph of the function f(x)=
Q gtap () {O for2n+1<x<2n+2

where n = (0, L2,..... ) is shown below. Its Laplace transform fN(S)is

. S f(x)
1+e 1—-e
- (b)
S 1

(a)

1 1
(c) m (d) si—e”) 0O 1 2 3 4 5
Ans. : (c)

© 1

2 3
Solution: L(f(x))= Ie‘“ f(x)dx = je‘sx 1dx +[ e~ - 0dx + _|'e‘Sx AdX + ...
1 2

0 0
—sx ! vt
(] o] o e
0 2
1 s -2s -3s _l _pS <L oet
___S[_1+e —e F e . ]—S[l et +e e’ +]

a 1 1
Since S =—— wherer=—€‘and a=1 =S_=— )
BT | s{iue‘s J

Q13. The first few terms in the Taylor series expansion of the function f(x)z sin X around

T
X = — are:
4

Ans. : (b)

Solution: f (X)=sinx
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f(zj_L f(zj_cosz_L fn(zj .
4) 2’ 4 4 2’ 4 4

2 3
So Taylor’s series is given by % 1+(X—%j—%(x—£) —i(x—z] ..... :I

NET/JRF (JUNE-2012)

Q14. A vector perpendicular to any vector that lies on the plane defined by X+y+z =5, is
(@) 1 +] (b) j+k (€ T+]+k (d) 2i +3]+5K

Ans. : (c)

Solution: Let ¢=X+y+2-5 = Vg = f£+j£+
OX oy 0z

1 2 3

Q15. The eigen values of the matrix A=|{2 4 6 |are
3 6 9

(a) (1,4,9) ) (0,7,7) (c) (0,1,13) (d) (0,0,14)
Ans. : (d)

Solution: For eigenvalues [A-21|=0= 2  4-1 6 |=0
3 6 9-1
(1-2)(4=2)9-2)-36]-2[2(9-1)-18]+3[12-3(4-1)]=0
(1-2)4-2)9-2)=36(1-1)-4(9-1)+36+91=0
P =142 =0=1(1-14)=0=1=0, 0, 14.

Q16. The first few terms in the Laurent series for m in the region 1< |Z| <2 and
L—1INZ—

around z =1 is

1 2 2 3 2 3
(a) 5[1+z+z +..{1+§+%+%+...} (b) i—z—(l—z) +(1-2) +...
1 1 1 2 4 2 3
(C) Z—2|:1+;+Z—2+}|:1+;+Z—2+} (d) 2(2—1)+5(Z—1) +7(Z—1) +....
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Ans. : (b)

. 1 1 1 1 1 1 )
olution (z-1Yz-2) z-2 z-1 1—z+(z—1)—1 1-2 (1+(1-2)

_ ! {1+(1_z)+%€‘2)(1_z)2+M(1—zf’...

- 3|

-z
=é—[z+(l—z)2—(l—z)3+....]

Q17. Let u(x,y)= X+%(X2—y2) be the real part of analytic function f(z) of the complex

variable Z = X +1 Y . The imaginary part of f (Z) is

(@) y+xy (b) xy ©y (d) y*=x’
Ans. : (a)

Solution: u(x,y)= x +%(x2 —y?) v(x,y)=?

Check —=— and—=—-—
X oy OX
ENCLUCU SN v=y+xy+ f(x)
ax ay’ ay b
8_u__@:>@_+y v=yx+ f(y)
oy oX  OX ’

y+xy+ f(x)=yx+ f(y)
If f(x)=0, f(y)=y

V=Xy+Yy

QI18. Let y(x) be a continuous real function in the range 0 and 27 , satisfying the

2

d y+cosxﬂ:§(x—£j

inhomogeneous differential equation: sin X— 3 5
X X

The value of dyldx at the point x = 7 /2

(a) is continuous (b) has a discontinuity of 3
(c) has a discontinuity of 1/3 (d) has a discontinuity of 1
Ans. : (d)
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2

Solution: After dividing bysin X , (; 2/ +cot xg—y =cosec X- 0 (X —%)
X X

Integrating both sides, gy + jcot X(ﬂjdx = Icosec XO (X - E)dx
dx dx 2
ﬂ+cotx- y—fcoseczx-de=1
dx

Using Dirac delta property: I f(x)o(x = %o )= f(xo) (it lies with the limit).

ﬂ_'_ _cosX

; : —jycoseczxdx =1, at Xx=;sin X = 0. So this is point of discontinuity.
X Sin X

Q19. A ball is picked at random from one of two boxes that contain 2 black and 3 white and 3
black and 4white balls respectively. What is the probability that it is white?

(a) 34/70 (b) 41/70 (c) 36/70 (d) 29/70
Ans. : (b)
Solution: Probability of picking white ball
2B 3W 3B 4w
From box | = 3 and from box Il = it
5 i I II

Probability of picking a white ball from either of the two boxes is = %{% + ;} = %

Q20. The eigenvalues of the antisymmetric matrix,

0 — N3 1P
A=| n; 0 -
—-Ny Ny 0

where n;,n, and n; are the components of a unit vector, are

(a) 0,i,—1i (b) 0,1,-1 (c) 0,1+1i,—1,—i (d) 0,0,0
Ans. : (a)
0 -n n 0 -n, n
Solution: A= n, 0 -n|=>-A"=|n 0 -n
-n, n 0 -n, n 0

0-4 -n;, n
(A-21)=0, | n, 0-4 -n |=0
-n, n 0-4
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=4 =0=>4 =—/-n/-n}-n] = A, =-n'-n;-n}

but \/n/ +n; +n; =1

S0, A=0,4 =1, 4 =-

A = —AT (Antisymmetric). Eigenvalues are either zero or purely imaginary.
Q21. Which of the following limits exists?

(a) %ig;[i%ﬂn NJ (b) M}O(i%—ln Nj

m=1 m=1

(c) lim(Z%—ln Nj (d) lim ii

N—c0 me1 A/ M

Ans. : (b)

Q22. A bag contains many balls, each with a number painted on it. There are exactly n balls
which have the number n (namely one ball with 1, two balls with 2, and so on until N on
them). An experiment consists of choosing a ball at random, noting the number on it and
returning it to the bag. If the experiment is repeated a large number of times, the average

value the number will tend to

2N +1 N N +1 N(N +1)
a b) — C d
@ —3 ®) 7 (©) = (@) =
Ans. : (a)
Solution: Total number of balls 1+2+3+4+.....+ N = N (l\;+ )
k
i . N B
The probability for choosing a k™ ball at random = @
2
2
Average of it is given by <k> =%k-P = 2%k 2 N(N +1)2N +1)
N(N+1) N(N+1) 6
JANHL s N(N +16)(2N +1).
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Q23. Consider a sinusoidal waveform of amplitude 1V and frequency f,. Starting from an

arbitrary initial time, the waveform is sampled at intervals of ——. If the corresponding
0

Fourier spectrum peaks at a frequency f and an amplitude A, them

(a) f =2fpand A =1V (b) f=2f, and 0< A<IV
_ _ — 1o - 1
c) f=0andA =1V d) f=—andA=—=V
(c) (d) 5 7z
s.: (b)
Solution: y = 1sin(27 fot). y
A

The Fourier transform is:

F(y)= L [5(r + )]t 1]

| | . | ; t
: oz ~ 1 0 LT
In Fourier domain f = fo, A = 5 |

NET/JRF (DEC-2012)

Q24. The unit normal vector of the point { } on the surface of the ellipsoid
NERNERNES

X2 y2 ZZ

¥+b—2+c——lls

@ bei +caj + abk (b) ai +bj +ck
VaZ +b* +¢? Ja? +b? +c?
bi +cj +ak P+ J+k

—_ d
© rbric O=3

Ans. : All the options given are incorrect.

2 2 2
Solution: Here ¢ _X_+y_2+z_2: 1.
a b ¢

J—

Unit normal vector is

W
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a’> b*> ¢?

_ . 2 2 2 a o o
So, Vg = ii+ig+ki (YT )2 20 2%
ox oy oz a® b* ¢

2 .

2~ 2 »
a = I+ ]+ k
[7%*) a\/g b\/g C\/g

[

= \/4 4 4 2 \/b2c2+a2c2+a202
‘V(/ﬁ = + + =—
3a? 3b®> 3¢ 3 a’b2c?
2 14 2 ]+ 2 K
V¢ a3 b3 3 bl +caj+abk
‘%ﬁ s b e i«/bzcz+cza2+a2b2 Vb2 +c2a? +a’b?
(ﬁ’ﬁ’ﬁj 3 abc

Q25. Given a 2x2 unitary matrix U satisfying U'U =UU" =1 with detU =€'?, one can
construct a unitary matrix V (V WV =wW'= 1) with detV =1 from it by
—ip/2

(a) multiplying U by e
(b) multiplying any single element of U by €'

(c) multiplying any row or column of U by e™¢?
(d) multiplying U by e
Ans. : (a)
Q26. The graph of the function f (X) shown below is best described by
. 1.00
(a) The Bessel function J,(x) 0.5
0.50
(b) cosx = 025
) e cosx < 0.00
(c cos _ 095
1 -0.50
(d) —cosx -0.75
X ~1.00
0
Ans. : (a)

Q27. In aseries of five Cricket matches, one of the captains calls “Heads” every time when the
toss is taken. The probability that he will win 3 times and lose 2 times is
(a) 1/8 (b) 5/8 (c) 3/16 (d) 5/16

Ans. : (d)
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3 5-3 ' 2 |
Solution: P = (lj (1 —lj o = l X (1] 5—
2 2) 31(5-3) 8 \2) 31(5-3)

1 5x4x3! 20 5 5

732 31 <2l 32x2 8x2 16

The probability of getting exactly k successes in n trials is given by probability mass
n!

m p“-(1-p)"™ , k =successes, n =trials.

function=

Q28. The Taylor expansion of the function ln(cosh X), where X is real, about the point x =0

starts with the following terms:

1, 1 1 o 1 @&
a) —— X" +—X" +.... b) —x" ——Xx" +....
(@) 5 T (b) 5

1, 1, 1 Bl
C) —— X" +—=X"+.... d) — X" +—Xx"+....
() 5 6 ()2 5

Ans. : (b)

X —X

Solution: cosh X = ‘Tailor’s series expansion of f(x)aboutx = a

f(x)=1f(a)+ f'("f‘)(x_a)+ f"("f‘)(x_a)z " (x—a) +... Here a=0.

1! 2! 3!
f(x)=log[ex -;e_x} =0, f'(x)_, = eX:e‘x & _2e_x :2:121 =tanh X =0
x=0 >
" e +e " fe"+e)-le" —e et —e™ e +e ) —(e* —e™)
g E el o) el

At x=0, f"(x)=1f"(x)=0,f"(x)=-2,..

= f(x):lx2 L
2 12
3
Q29. The value of the integraljﬁ , where C is a closed contour defined by the
e(z2®-5z+

equation 2|Z| —5=0, traversed in the anti-clockwise direction, is
(a) —16rxi (b) 167i (c) 8ri (d) 27i
Ans. : (a)
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Solution: 2> —=52+6=0=2>-22-32+6=0=2(z-2)-3(z-2)=0=2=3,2
2|Z| =5= |Z| = 2.5, only 2 will be inside.

3 3
Residue=(z-2) .8 =—8:Lz—d2=2zi(—8):—16ni

(z-3)z-2)

z=2

NET/JRF (JUNE-2013)

Q30. Given that z H,( t P

nv
the value of H,(0) is
(a) 12 (b) 6 (c)24 (d)—6
Ans.: (a)
Solution: ZH tn gt i :1—t2+£—£
n' e ! 2! 3

=

4
H(0) _t :»H4(0)=ﬂ=12.
41 2! 2!

Q31. A unit vector A on the Xy-plane is at an angle of 120° with respect toi . The angle

between the vectors G =ai +bn and V =an+bi will be 60°if

(a) b=+/3a/2 (b) b=2a/+3 (c)b=a/2 (db=a
Ans. : (¢)
Solution: U = al + \7 an + bi

ST ( br)-(afl+b7) = |ulV|cos 60 = a*f -1+ b+ ba+ b

(\/a2 +b? +2abcos120 )Z -cos60 =a’ cos120+2ab +b? cos120

ab

(az +b? —2ab><l)-cos60 = —l(a2 +b2)+ 2ab :>l(a2 +b2)——:—l(a2 +b2)+2ab
2 2 2 2

—=a’ +b? :@ —~p=2.
2 2
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Q32. With z = x+1y, which of the following functions f(X, y) is NOT a (complex) analytic

function of z ?

(@) f(x,y)=(x+iy-8) (4 +x* -y 4+ 2ixy)7

(b) f(x.y)=(x+iy) (1-x-iy)

) f(x,y)= (x2 —y? +2ixy — 3)

(d) f(x,y)=0-x+iy)' 2+x+iy)°
Ans. : (d)

Solution: f(x,y)=(1-x+iy)" (2+x+iy)’" = {1-(x—iy)}' 2+ x+iy)°
Due to present of Z = (x —iy)
Q33. The solution of the partial differential equation

2 2
5—2u(x t)—%u(x t)=0

satisfying the boundary conditions u(0,t)=0=u(L,t) and initial conditions

u(x,0)=sin(zx/L) and %u(x,t]to =sin(272x/L) is

(a) sin(z x/L)cos(zt/ L)+2Lsin(27zx/ L)cos(2zt/L)
7

(b) 2sin(zx/ L)cos(zt/L)—sin(zx/L)cos(2zt/L)

(c) sin(zx/L)cos(27t/ L)+£sin(2m</ L)sin(zt/L)
T

(d) sin(zx/ L)cos(zt/L)+ Zisin(znx/ L)sin(27zt/L)
T

Ans. : (d)

o*u  d%u

ot*  ox?

ou . 27X

=sin——
L

Solution: =0, (X 0) = smﬂTX and —

t=0

This is a wave equation

So solution is given by u(x,t) _ Z(A] oS anf t +B sin an L7z tjsm(nij
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L

L
with A :%I f (X)sinnLLXdX, B, -2 g(x)sinnLLXdX

g anr 5,
2 2
Comparinga’ —- 6 . Z l; , We have a=1and f(x)= sin”TX, g(x)=sin 27TL X,
1—-cos 27X
L L L —
A1=£ sin X gin %X :zjs1n2ﬂ—XdX=—I L dX=£ L—l(letn—l)
0 Ly L 0 2 L 2
L
Putting n=2, B = 2 Ism 27X sin 7% dix
anr s, L L
1—cos mi:
Ll 1=cos 2242
27y, L 27, 2 27 2 2r&
Q34. The solution of the differential equation
dt
with the initial condition x(0)=1 will blow up as t tends to
1
(a) 1 (b) 2 (c) 5 (d)
Ans. : (a)
—2+l _1
Solution: —: I——Idt —t+C:>—:t+C
X
-1 -1 1
:>x(0):1:>T:O+C:>C=—1:>—:t—1:> X=rpastolx blows up
X —_
Q35. The inverse Laplace transforms of 2; is
s?(s+1)
2t 1., “t
(a) —t e (b) Et +1-e
© t-l+e" (d) %tz(l—e‘t)
Ans. : (¢)
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t
Solution: f(s)= ﬁ = f(t)=e" =L {@} = Ie“dt =(~et) =(-et+1)
0

- L_ILZ(SlH):I:j‘(_e_t +1) dt:(e“ H); =€ +t-1.

0

Q36. The approximation cosé@ =1 is valid up to 3 decimal places as long as |9| is less than:

(take180° / 7 ~ 57.29°)
(a) 1.28° (b) 1.81° (c) 3.28° (d) 4.01°
Ans. : (b)
2 4 2
Solution: cos@=1—0—+0—— ....... zl—g—
21 4! 2!

T

cos@ ~1 when 0=1.81°~ =0.0314
100

NET/JRF -(DEC-2013)

Q37. If A= VZ+ X2+ ﬁxy, then the integral §Kdi (where C is along the perimeter of a
C

rectangular area bounded by Xx=0,x=aand y=0, y=b)is
() %(aﬁ +b’) (b) z(ab> +a’b) (o) z(a’ +b*) ) 0

Ans. : (d)

ii;/_&di =j(€xﬂ)da=03ince VxA=0.
c 5
Q38. If A, B and C are non-zero Hermitian operators, which of the following relations must
be false?
(a) [A B]=C (b) AB+BA=C (c) ABA=C (d) A+B=C
Ans. : (a)
Solution: [A, B]=C = AB-BA=C = (AB- BA)' =C'
(AB)"—(BA)")=C" = (B'A")-(A'B")=C"
Hence A,B and C are hermitian then

BA-AB=C % [A B]=C
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Q39. Which of the following functions cannot be the real part of a complex analytic function

ofz=x+1y?
(a) X’y (b) x* -~y (c) X’ =3xy’ (d) 3x’y—y-y’
Ans. : (a)

Solution: Let x>y be real part of a complex function. Use Milne Thomson’s method to write

analytic complex function. The real part of that function should be (1) but that is not the

case. So this cannot be real part of an analytic function. Also,
22 =(x+iy)’ =x* — y? + 2ixy, Real part option (2)
2’ = (x+iy) = x* —iy® + 3ixy(x +iy)
= x> =iy’ + 3ix*y — 3xy* , Real part option (3)

Q40. The expression

(az+az+az+82] 1
o ¢ o J) e exi )

is proportional to

(a) 5()(1 X+ X+ X4) (b) 5(X1 )5()(2 )5()(3 )5()(4)

(c) (xf + X+ X +X] )73/2 (d) (xf +X XS +X] )72
Ans. : (b)

0 1 —2X
Solution: | — = 1
[axl(xf+x§+x§+xjﬂ (x12+x22+x32+xj)Z
2

5 (x12+x§+x§+x§) -1—2~2x1~x1(x12+x§+x32+xf)

—2—)—2

OXj 2,322

5 4
(x1 + Xy + X3 +x4)

2 2 2 2 2 2 2 2 2 2 2

__{(xl + X5 + X5 +x4) —4x; }_%gx1 —2(x1 + X5 + X; +x4)
2 2 2 2\ 2 2 2 2 )
(x1+x2+x3+x4) (x1+x2+x3+x4)

Now similarly solving all and add up then we get

e B ey
OX; Ox; oxi ox; \xP X3 XP X
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8(xf+x§+x§+x§)—8(xf+x§+x§+xj)

3
(xf+x§+x§+x§)

also if all Xi»%;, X5, X, becomes zero it should be infinity.

So 0,0 0 @ ! = 5(x,)-5(x,)- 5(x,)-5(x,)
ot ot oo o JAxiexi+x2) 1 ? ’ *
Q41. Given that the 1ntegralf , the value of I 18
2y’ + X 2y y + X )
T T
a) — c) —
( ) y3 ( ) 8y3
Ans. : (b)
Solution: jL = 1 I Lz, pole is of 2™ order at x =iy, residue = 1/(4iy3)

o(y2 +x2)2 Zm(y2+x2)

Integral = (;j(bﬂ) 4|1y ﬁ

Q42. The Fourier transform of the derivative of the Dirac J - function, namely o ’(X) , 18

proportional to
(a0 (b) 1 (c) sink (d) ik
Ans. : (d)

Solution: Fourier transform of & '(X)
H(K)=[" &'(x)e™dx =ike®") =ik
Q43. Consider an nxn(n>1) matrix A, in which A, is the product of the indices i and ]
(namely A; =1j). The matrix A
(a) has one degenerate eigevalue with degeneracy (n - 1)

(b) has two degenerate eigenvalues with degeneracies 2 and (n - 2)

(c) has one degenerate eigenvalue with degeneracy n
(d) does not have any degenerate eigenvalue

Ans. : (a)

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

19



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

1 2
Solution: If matrix is 2x2 let (2 4} then eigen value is given by

(1—/1 2 ]
=0=>(1-A)@-A)-4=0=1=0,5

2 4-1
1 2 3
If If matrix is 3x3 let | 2 4 6 | then eigen value is given by
3 69
-2 2 3
2 4-4 6 |=0
6 9-41

(1-4)[(4-2)(9-2)-36]+2[18-2(9-2) |+3[12-3(4-2)]=0
(1-2)[ A ~132+36-36 | +2[18-18+22] +3[12-12+34] =0

A -1BA-2A+1327+134=0=>2"-1422=0=>1=0, 0,1=14
i.e. has one degenerate eigenvalue with degeneracy 2.
Thus one can generalized that for n dimensional matrix has one degenerate eigevalue
with degeneracy (n —1).
Q44. Three sets of data A, B and C from an experiment, represented by x, [] andO, are

plotted on a log-log scale. Each of these are fitted with straight lines as shown in the

figure. 1000

100 ==~~~

10fF------
s

I [

01677717 10 100 1000

The functional dependence y(x) for the sets A, B and C are respectively

(a) \/;, x and X (b) —g, X and 2x  (c) iz, x and X’ , X and x*
X

1
d_
@5

Ans. : (d)

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

20



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

NET/JRF -(JUNE-2014)
Q45. Consider the differential equation

2
d 2X+2%+x:0
dt dt

with the initial conditions x(0)=0 and %(0)=1. The solution x(t) attains its maximum

value when t is

(a) 12 (b) 1 (c)2 (d) o
Ans.: (b)
2
Solution: d—f+2%+x=0:> m> +2m+1=0=(m+1)’ =0 =>m=-1, -1

= x=(c, +c,t)e™, since x(0)=0=0=c, = x=C,te”’

= x=c,[-te" +e |

Since X(0)=1=1=c¢, = x=te™'

For maxima orminima x =0 = Xx=-te'+et=0=> x=¢" (1_t)

=e'=0,1-t=0=>t=0, t=1
x=e'(=1)+(1-t)e" (-1)=—e" +(t-1)e" = x(I)=—e" +0e" <0

Q46. Consider the matrix

0 21 3i
M=|-2i 0 ol
-3 -6 0

The eigenvalues of M are

(a) -5,-2,7 (b) =7,0,7 (c) —4i, 2i, 2i (d) 2,3,6
Ans. : (b)
0 21 3i 0 21 3i
Solution: M =|-2i 0 6i|, M "=|-2i 0 6i
=3i 61 0 =3i -6i 0
M™=M

Matrix is Hermitian so roots are real and trace = 0.

W+ +A4=0, L -4 -4 =0=>1=-7,07
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Q47. If C is the contour defined by | z | = %, the value of the integral

i; dz
Csin® z
is
(a) o (b) 27i (©)0 (d) 7i
Ans. : (¢)
Solution: f (Z) =— 12 (|Z| =lj
sin” Z 2
sinZ:Z—Z—3+£....:> ! = !
B 57 sin'z 5 5 Y
(z —3+5....j

2 4 -2
= .12 =i2 l—Z—+Z—.... :>q5 ,d—§=0
sin®z 2 3 |5 ¢sin®z

Q48. Given Z::O P (x)t" = (1—2Xt+t2)_”2 , for |t|< 1, the value of P,(~1) is

(a) 0.26 (b) 1 (c) 0.5 (d) -1
Ans. : (d)
Solution: P,(-1)=-1if n isodd = Py(-1)=-1
Q49. The graph of a real periodic function f(X) for the range [— 00, oo] is f(X)
shown in the figure.
Which of the following graphs represents the real part of its Fourier A X
transform? N / \/ \/ \/
R
@ e| (k) ®) | Re|f(k)
| k k
© Re f (k) ) Re f(k)
k k
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Ans. : (b)

Solution: This is cosine function
f(x) = Acosx = F (k)= [5(k =k, )+ (k-+k, )]

NET/JRF (DEC-2014)

Q50. Let I denote the position vector of any point in three-dimensional space, and r = | r |

Then
(@) V-F=0 and VxF=F/r (b) V-F=0 and V’r=0
(c) V-F=3 and V’F =F/r? (d) V-F=3 and VxF=0
Ans. : (d)
Solution: I = X%+ yy + 22
§,F::%+Q+Q:1+l+1:3
OX oy oz
X y Z
Vxr=|0/ox 8/dy /o7 =% gz Y +9[Q-@)+z ¥_Xl_g
oy oz 0L  OX OX oy
X y z
a 0 0 1
Q51. The column vector |b| is a simultaneous eigenvector of A=|{0 1 0| and
a 1 00
0 ¥ 1
B=(1 0 1]if
1 1 0
(a)b=0ora=0 (b) b=a or b=-2a
(c)b=2a orb=-a (d)b=a/2 orb=-a/2
Ans. : (b)
Solution: Let b=a
0 0 1)a a 0 1 1)a a
0 1 Ofjal=la| and |1 O 1 a|=2|a
1 0 O0){la a 1 1 0)la a
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Let b=-2a
0 0 1) a a 01 1) a -a a
0 1 O0f2a|=|-2a| and |1 0 1] -2a|=|2a|=-1|-2a
1 0 O){ a a 1 1 0){ a —-a a
For other combination above relation is not possible.
Q52. The principal value of the integral j sm(2x) dx is
(a) —27 (b) - (o)« (d) 27

Ans. : (a)

Solution: Let f(z)=—

i2z

lim(Z—O)3 f (z):lim(Z—O)3 ¢ —=I(finiteand = 0) = z =0 is pole of order 3.

20 z—0 Z
2 i2z
Residue R:%Iim HO%{(Z_OY 923 }:-z
= [ f(x)dx=7iZR = 7i(~2) =27i = Im.Part=-27 = [ f(x)dx=-27

Q53. The Laurent series expansion of the function f(z) =e’ +e'? about z =0 is given by

@,  — forall |z] <o (b) Z:O(zuzinj# only if 0<|z|<1

© D (z +—]$ forall 0<|z|< o (d>2:_wzn—: only if | z| <1

Ans. : (c)

2 © Z 1 o 1
Solution: e° =| 1+ Z+—+ Z and "' =1+— +——
( j nzn' z 2177 nZ;z”

n!

| Al (o0, 1)1
:>f(z):(e +e )z Z(z +Z—njm,fora110<|z|<oo

n=0
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Q54. Two independent random variables m and n, which can take the integer values
0,1,2,..,0, follow the Poisson distribution, with distinct mean values x# and v
respectively. Then
(a) the probability distribution of the random variable | = m+n is a binomial distribution.
(b) the probability distribution of the random variable r =m-—n is also a Poisson
distribution.

(c) the variance of the random variable | = m+n is equal to z+v
(d) the mean value of the random variable r = m—n is equal to 0.

Ans. : (c)

Solution: 6 =o> +0. = u+v

Q55. Consider  the  function f(z)= éln(l ~2)  of a  complex variable
z=re"(r>0, —o<@<ow). The singularities of f(z) are as follows:

(a) branch points at z=1 and z=c;and apoleat z=0 only for 0< 8 <27
(b) branch points at z=1 and z=o0; and a pole at z =0 for all 8 other than 0 <6 <27
(c) branch points at z=1 and z=c0; and a pole at z=0 for all &
(d) branch pointsat z=0,z=1 and z=w
Ans. : None of the above is correct

2 3 2
Solution: For f (z):éln(l—z)=;(—z—z——z—— ..... Jz—l—i—z— ......

There is no principal part and whenz — 0, f (Z) =—1. So there is removable singularity

at z=0. Also z=1 andz = « is Branch point.

o 2n+1
Q56.  The function f Z X , satisfies the differential equation
n n +1 "2

n=0

d’f df df df
X2 — +X—+(x*+1)f =0 b) x* +2x—+(x*=1)f =0
®) dx>  dx ( ) ®) dx’ dx ( )
d2f df d*f df
— —1)f =0 d) x? - X— —1)f =0
(c) x* xdx+(x ) (d) x e xdx+(x )

Ans. : (c)
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2n+1
Solution: f ( ] is generating function (Bessel Function of first kind)

ISt

n! n+1

ooodf o,
™ +x&+(x -n )f =0,put n=1.

Q57. Let ¢ and S be complex numbers. Which of the following sets of matrices forms a

which satisfies the differential equation X’

group under matrix multiplication?

(a)[ ﬂj (b) [1 “J,where af 1
0 0 B8 1
(c) {a a:J,where af’ is real (d)( a* ﬁ*j,where|a|2+|ﬁ|2:1
s B - «
Ans. : (d)
Solution: ‘ a* ﬂ* :|05|2 —i—|ﬂ|2 =1

3
Q58. The expression Zeijk {xi,{pj, }} (where €,

i,j,k=1

ijx 18 the Levi-Civita symbol, X, p,L are

the position, momentum and angular momentum respectively, and {A, B} represents the
Poisson Bracket of A and B ) simplifies to
(@0 (b) 6 © % (pxL) (d) Xx P
Ans. : (b)
NET/JRE (JUNE-2015)

Q59. The value of integral I

T
(a) % (b) () V27 (d) 27

Ans. (a)

Solution jilf; | =R

Now, pole z = e( 4

L
A

LA |
n=0, =z,=e*=—+i

NG

n=2=12,=

ﬁ’
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|3/z'

nN=3=272=+—+

—1:>z—e4—\/_ \/_ \/_ \/_

only z, and z, lies in contour

. . Y11 1

1e.,residueat | z=¢e* |=—| ——=—-1—
( J 4( V2 2 }

i3z
residue at (z :e4]:l(i_|ij
\/’ \/7
o X . T
now | ——=271XReS=—
= x*+1 2

2
Q60. Consider the differential equation %—3%+2x 0.If x=0att=0and x=1att=1,

the value of X at t=2 i1s

(a) °+1 (b) e’ +e (c) e+2 (d) 2e
Ans. (b)
Solution: D*-3D+2=0

(D-1)(D-2)=0=D=1,2 = x=ce* +C,e'

using boundary condition x=0,t=0 =, =—C,

again using boundary condition x=1,t =1

L % PN
P e—e?! e’-e e’-e e—e’
again using t =2 then x =€’ +e
Q61. The Laplace transform of 6t° +3sin 4t is
36 12 36 12
a) —+ b) —+
@) st s7+16 ®) st 16
18 12 36 12
—+ d) —+
© s’ 16 @ s s°+16
Ans. (a)
Solution: L[6t3+3sin4t] L[t”]= nn4+—11
S
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. a
“Lismat|=——
[ ] (Sz+a2)
L[6t3+3sin4t}—6xm+ x4 36, 12
st s’+16 st s*+16
2 2
Q62. Let f(X,t) be a solution of the wave equation %tj =v28a : in 1-dimension. If at
X

Ans.

Solution: For

Q63.

Ans. :

t=0,f (X,0)=e"X2 and %(X,O)=O for all X, then f(X,t) for all future times t >0 is

described by
(@) e ¥ (b) e
1 —(x—vt)2 3 —(x+vt)2 1|: —(x—vt)2 —(x+vt)2:|
c) —e +—e d) —|e +e
(©) 1 1 (d) 5
(d)
2f 5 o0 f
=V e

a X,0)=0 and f(Xx,0 =g*
ot

_1 T _1 “(x=vt) | om(xevt)?
f _E[f (x+vt)+ f (X—Vt)]. Therefore, solution is f —E(e ) +e

NET/JRE (DEC-2015)

In the scattering of some elementary particles, the scattering cross-section o is found to
depend on the total energy E and the fundamental constants h (Planck’s constant) and ¢
(the speed of light in vacuum). Using dimensional analysis, the dependence of o on

these quantities is given by

2
@ OF o] @
(c)

Solution: The dimension of o is dimension of “Area”
h = Joul —sec
C=m/sec
E = Joul
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2
hc ) )
[— =m? dimension of area

E
64. If y=———then X i
Q Y tanh (X) AR
(a) 1n[y—+1J (b) 1n[y—_1j ©m Y=L (d) In XL
y—1 y+1 y+1 y—-1
Ans. : (d)
Solution: y =

tanh X

_efte e+l
ef—e  e¥ -1

ye —y=e"+1= ye” —e” =1+y = e (y-1)=(1+y)

1
2X :ln(y—ﬂj = X :lln(y—ﬂj = ln(y—ﬂjz
y—1 2 y—1 y—1

Q65. The function

- > of a complex variable z has
sin 7z

(a) asimple pole at 0 and poles of order 2 at +/n for n= 1,2,3...
(b) a simple pole at 0 and poles of order 2 at +Jn and +iv/n for n= 1,2,3...

(c) poles of order 2 at +n, n=0,1,2,3...
(d) poles of order 2 at £n, n=0,1,2,3...
Ans. : (b)

Solution: f(Z)= z = 2

sinzz° , sin 7z
7z

7z’

sin zz*
2

at z=0 , it is a simple pole since, lim =1

=0 g7
Also, sinzz® =sinnz = 72> =+nz, z=+J/n, +ivn

lim (z—Jﬁ)z.

Z—>+/N

z . .
—— , exists. So its pole of order 2.
sin 7z
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Q66. The Fourier transform of f (X) is f~(k) = fm dxe™ f (X) .
If f(x)=ad(x)+p5" (x)+y5"(x), where §(x) is the Dirac delta-function (and prime

denotes derivative), what is f (k)?

(a) a+ipk +irk? (b) a+ Bk —yk*
(c) a—-ipk—-yk’ (d) ia + Bk —iyk®
Ans. : (¢)

Solution: T (k)= [ dx e" (ad(x)+ 55" (x)+ 75" (¥))

'[ ad(x)e dx = a

—00

Tﬂé'(x)e"“dx =p eikxé(x)‘: —~ T ike™ s (x)dx |=—ipk

—o0

J. ]/5”(X)eikxdx — _]/kZ

—o0

Q67. The solution of the differential equation%:Z 1—-x*, with initial condition x=0 at

t=01s
sin2t, 0<t<— sin 2t, 0S'[<Z
(2) X = 4 (b) X = 2
sinh2t, t>% 1, t>%
2
sin 2t, OSt<£
() X= 4 (d) x=1-cos2t, t>0
1, t>%
4

Ans. : (c)

Solution: %=2\/1—X2 , dx - =2dt, sin' x=2t+c, Xx=0,t=0 so,c=0= X=sin2t
I-x

X should not be greater than 1 at x =1
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Q68.

Ans. :

1=sin2t, sin£=sin2t, t=£.
2 4

sin 2t, O£t<£
4

R P
4

The Hermite polynomial H | (X) , satisfies the differential equation

2
d I_ZI“ _ oy dH: +2nH, (x)=0
dx dx
The corresponding generating function
t X :ZL'H , satisfies the equation
n-o N:
2 2
(@) ?—2x@ 2L 2o (O ;> SO,
OX OX ot ox’ OX ot
2 2 2
(c)a? 286 2@:0 (d)aG—2E ZaG:O
OX OX ot OX  oxot
(a)
Solution: G = H, (x)t", G'= L H! (x)t", G" =~ H’(x)t"
Y A ’ nt " ’ nigi e
oG 1
_=_H tn—l
= oy ()N

Q69.

Let’s check the options one by one

B8, 2B,
ox* OX ot

1 " n 1 ' n 1 n—
mHn(X)t —ZXHHn(x)t +2thn(x)nt :

H!(x)—2xH/ (x)+2xH, (x) =0, which is Hermite Differential Equation.
The value of the integral J.:z;sdx, valuated using Simpson’s % rule with h=2 is
X° +

(a) 0.565 (b) 0.620 (c) 0.698 (d) 0.736
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Ans. : (a)
: 2 X 1
Solution: | =—| y, +4(y,+VY,)+2Yy,+ =
LY+ 400+ Y:) 205+ Y V="
:g l-|r4 l+l +2><L+i 0 1
3|5 9 4 21 69 5
_ 1
=— —+0.5734+0.09523+0.0145} 9
315 1
4 —
2 21
= 5[0.2 +0.5734 +0.09523 +0.0145] 6 1
31
2 1
=Zx0.8831=0.5887 8 i
3 69
Q70. Consider a random walker on a square lattice. At each step the walker moves to a nearest
neighbour site with equal probability for each of the four sites. The walker starts at the
origin and takes 3 steps. The probability that during this walk no site is visited more than
one is
(a) 12/27 (b) 27/ 64 (c) 3/8 (d) 9/16
Ans. : (d)

Solution: Total number of ways =4x4x4

Number of preferred outcome =4x3x3
(- Any four option in step-1 and only 3 option in step 2&3 because he can not go to
previous position)

4x3x3 9

robability = =
P y 4x4x4 16
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Q71.

Ans. :

Q72.

Ans. :

Solution: f(z)=

NET/JRF (JUNE-2016)

The radius of convergence of the Taylor series expansion of the function

cosh(x)

around X =0, is

T
(a) o (b7 (0)3 (d)1
(c)

. 1 et -1 L
The value of the contour integral — (j) - dz around the unit circle C
271 { cosh(z)—2sinh(z)

traversed in the anti-clockwise direction, is
(a) 0 ()2 (c)_—8 (d)—tanh (lj

3 2
()

e42_1 3 e4Z _1 3 e4Z_1
coshz—2sinhz e‘+e’* \

z

—(e* “ei) —ez+§e‘Z

2

= f(z)= =
( ) (3_822) (3_822)
2z 22 In3
Forpoleat z=27,,3-e¢" =0=>e" =3=72,=—
It has simple pole at z,
2(e —e’)
Re(z,)=lim(z-z,) f(z)=lim(z-z,) P
:lim(z—zo)xz(Sesz—ei)+2(e52—ez)xlz_(eszoz_ezoJ
717, —De*? e’
5
3 3 3
1 f(Z)dz=L><271i21Residue=—i
2ri 2ri NE)
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Q73.

Ans. :

The Gauss hypergeometric function F(a,b,c,z), defined by the Taylor series expansion
around z=0 as F(a,b,c,z)=

3 a(a+1)...(a+n—1)b(b+1)...(b+n—1)Zn
ot c(c+1)...(c+n-1)n! ’

satisfies the recursion relation

(a) %F(a,b,c;z):iF(a—l,b—l,c—l;z)

(b) %F(a,b,c;z):%F(a+1,b+l,c+l;z)

ab

(c) %F(a,b,c;z):—F(a—l,b—l,c—l;z)

(d) %F(a,b,c;z):%bF(a+1,b+l,c+l;z)

(d)
a(a+1)...(a+n-1)b(b+1).(b+n-1)

Solution: d—F Z nz

Q74.

~ (c+1) (c+n-1)n!

a(a+1)..(a+n-1)b(b+1)...(b+n-1) 2"

Z::; (c+1) (c+n-1) n—1

n

_ab (a+1)..(a+n-1)(b+1)..(b+n-1) 2™
¢ (c+1)...(c+n-1) A

= (a+1)..[a+(n-1)=1](b+1)..[b+(n-1)-1] 2

-?20 (c+1)..[c+(n-1)-1] n-1

d—F:a—bF(a+1 b+lc+1,2)

dz ¢
Let X and Y be two independent random variables, each of which follow a normal

distribution with the same standard deviation o , but with means +x and —u ,
respectively. Then the sum X +Y follows a

(a) distribution with two peaks at +x and mean 0 and standard deviation o2

(b) normal distribution with mean 0 and standard deviation 2o

(c) distribution with two peaks at +x and mean 0 and standard deviation 2o

(d) normal distribution with mean 0 and standard deviation o2
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Ans. : (d)
Solution: g = g1, +p, = u—p=0

12 2 2 2 2
oc'=0,+0,=0"+0

o' =20
Q75. Using dimensional analysis, Planck defined a characteristic temperature T, from powers
of the gravitational constantG , Planck’s constanth, Boltzmann constant k; and the

speed of light ¢ in vacuum. The expression for T, is proportional to

hké
(@) (b) (c) 4k2 (d) G
Ans. : (a)
21 2
Solution: E=hv=h _E_MLT™_ =MLT™!
1% T
201 -2
E kT = ky === e 727!
T To
-2 9
FegMM g MI XL g _mpre
r M
he? MLT (LT ) MLT
2~ G — I T A— \/7T
ksG MALT " T,"xM LT ML'T T,
Q76. What is the Fourier transform J.dxeikxf (X) of
x)+i d’ o(x
—~ dx"
where §(X) is the Dirac delta-function?
1 1 1
a b) —— c) — d) —
()l—ik ()l-i-ik ()k+i ()k—i
Ans. : (b)
['s) dﬂ o0 dn o0 (n)
Solution: f +Z :Z 5(x):25 (X)
= an = dx" n=0

2w F[8(x)]=1=F[ 6" (x) ] =(-ik)" F[(x)]=(-ik)
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f(x)zic?(”)(x)

= F[f(x)] = (k)" =1-ik + (1K) = (i) +.... = 1_(1_ik) = 1+1ik

n=0

Q77. In finding the roots of the polynomial f (X) =3x’ —4x—5 using the iterative Newton-

Raphson method, the initial guess is taken to be X =2. In the next iteration its value is

nearest to
(a) 1.671 (b) 1.656 (c) 1.559 (d) 1.551

Ans. : (b)
Solution: f(x)=3x’-4x-5; f'(x)=9x" -4

3] —4x, -5 3%; —4%, -5
R N I k. T
9x, —4 9x; —4
Let X, =2=X :2—M=2—£ = X, =1.656
Ox4—-4 32
NET/JRF (DEC-2016)
1 3 2
Q78. Thematrix M =3 —1 0 | satisfies the equation
0 @l
(a) M*=M>=10M +121 =0 (b) M’ +M? -12M +101 =0
(c) M?—~M?*—10M +101 =0 (d) M’ +M?—10M +101 =0
Ans. : (c)
Solution: The characteristic equation is
(1—/1) 3 2
3 (—1—/1) 0 |=0
0 0 (l—ﬂ,)

= (1=2)(-1-2)(1-2)=(3)x3(1-4) =0
= (A -1)(2-1)-9(1-4)=0= 2’ -104-A*+10=0

Thus the matrix M satisfies the equation

M’ —M?—10M +101 =0 then the correct option is (c)
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Q79. The Laplace transform of

t
f(t): ?, O0<t<T
1 t>T
1S
—(l—e’”) (l—e’ST) (1+e’ST) (l—eST)
O O O Ohg

Ans. : (b)

Solution: we can write
£ (6)=u, () -y (t)]%+uT (t) =[1-u, (t)]%+uT (1) ==, (t)%+uT ()

Hence the transform of f (t) is

1 (1 T) e 1-¢*
T T s s) s

1

5 is
X +2

Q80. The Fourier transform f dxf (x)e" of the function f (x)=

(a) 2e V2 (b) V27ze ™ () izeﬁk g V2K

4 =
Ans. : (d)

Solution: Fourier transform of f (X) ==,

x> +a 2

. 1 i T
a>0is [s——e“dx="e""
X’ +a a

: Th _
Hence I ey = 2 g V2K

x> +a’

Q81. Given the values sin45° =0.7071, sin50° = 0.7660, sin 55° = 0.8192and sin 60° = 0.8660,

the approximate value of sin52°, computed by Newton’s forward difference method, is
(a) 0.804 (b) 0.776 (c) 0.788 (d) 0.798
Ans. : (¢)
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Solution: Given -

X y=f(x) Af (x) A*f(x) A (x)

45° 0-7071
50° 0-7660 0-0589 -0-0057 —-0-0007
550 0-8192 0-0532 -0-0064

60° 0-8660 0-0468

h=5,52°=x,+uh=45"+uh
_52-45 52-45 _Z
h 5 5
From table we have

Y, =0-7071, Ay, =0-0589 , A’y, =-0-0057

A’y, =—0-0007 A“yo =0,....

csin(52') =y, + w2 1) e 2o (0 1)(0-2) -
:0-7071+(0-0589)% (d07) —G—j ( i 0007) G—lj@—zjm

0-0399 N 0 0049
125

=0-7071+0-0825-0-0016+0-0000 =0-7880

=0-7071+0-0825-

2

Q82. Let f (X,t) be a solution of the heat equation % = Dz z in one dimension. The initial
X

conditionat t=0 is f (X,O) —e ™ for —oo< X <. Then for all t > 0, f (X,t) is given by

[Useful integral: J-w dxe = \ﬁ ]
. o

2 2

X 1 __X

@ e e
(c) —\/le e_% (d) e*%
s.: (c)
Solution: %: D?;Tz , >0
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Let D=c?,

of , 0 f
—=c
ot ox*

Initial condition f (x,0)= e =g (), —o <x<oo

Now, ¢ (x+202\/_ ) g (2

The solution f (x,t) is given as

f(x.t) :% j € o2l e ¥ dz _% I g e ttdonl) 2 o)

J‘ 4c 22t+4cxz«/f+z

L3 f

+00 s
IGXp (1+4c’t)s 2° +22- 20xvt ) ZCx\/f 2cx\/_ H
\/_ (1+4czt) 1+4ct 1+4c’t

2 2,2 2
-x* +o0 —(1+4czt) z+ 206t szt - At 1+4czt) z+ 200t
€ l+atc? (1+4c7t) € 7, 1+atc?
= e dz =—e e dz

V7 2, | Jr

J‘ 1+4czt 2+ 4cxzf)} dz

pl+acit 1 \/;
Jz 2 J1+4ct

pl+4Dt (CZ - D)

1
f(xt)=—n——
( ) V1+4Dt

Q83. A stable asymptotic solution of the equation X, =1+ is x=2. If we take

1+Xx

n

. €
X, =2+¢, and X, =2+¢€ where €, and €, are both small, the ratio —™ is

n+l ?

eI']
approximately
1 1 1 2
(a) 5 (b) " () 3 (d) 3
s.:(¢)
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Q85.  Which of the following can not be the eigen values of a real 3x3 matrix

(a) 2i,0,—2i (b) 1,1,1 (c) €7,e,1 (d)i, 1,0

Ans. : (d)

Solution: If the matrix is real then the complex eigen values always occurs with its complex
conjugate. In option (d) if I is an eigen value then —i must also be an eigen value. But
—i is not given in option, hence option (d) is incorrect.

Q86. Let u(x,y)=e"cos(by) be the real part of a function f(z)=u(x,y)+iv(x,y) of the
complex variable z =X +1iy, where a,b are real constants and a # 0. The function f (Z)
is complex analytic everywhere in the complex plane if and only if

(a)b=0 (b) b=za (c) b=1%27a (d) b=at2rx
Ans. : (b)

Solution: The function f (Z) will be analytic everywhere in the complex plane if and only if it

satisfies the Cauchy Riemann equation in that region.

ou ov ou ov
=—and —=-——

= —=
oX oy oy OX

ov
Hence ae™ cos(by)=— (1)
(o) <2
and be™ sin(by) = % (ii)
From equation (1)
ae*sin(b
v(x,y):#+c(y) (iii)

Differentiating partially with X gives

ov _a’e™sin(by)
X b

From equation (ii1) and (iv)

(iv)

a’e™ sin(by)

be™ sin(by) = 5

—=b’=a’=b=+a
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irz/2
Q87. The integral CJSF Z€2 " dz along the closed contour I' shown in the figure is
Z j—
y
A
r
X
(a0 (b) 27 (c) 27 (d) 4ri
Ans. : (¢)
ZeiZ/r/Z
Solution: f(z)=—7——
(2) (z+1)(z-1)
For z =+1 anti-clockwise
izz/2 H
| = 27ilim 2 = 2 girr2 _ pjgier2
>l (z+1) 2
For z=-1
. irz/2 . _1 e—iﬂ'/Z A
| =—27ilim A - =271 x &l =—rie "?

I

(eiﬁ/Z _g 72 )

Integral = 7i x 2i =27i° sin% =27

21
Q88. The function y(x) satisfies the differential equation X%+2y _ COSTX g y(1)=1, the
X X

value of y(2) is

() 7 (b) 1 (c)1/2 (d)1/4
Ans. : (d)
Solution: The given differential equation can be written as

dy 2 cos X

— 44—V = >

dx X X

J.zdx
This is a linear differential equation with Integrating factor =e°* =X’

, COSTTX sinzx C
—— X+t =yt —
X X X

Hence y.x* :.[X
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sinzx 1

when X=1,y=1 hence c=1=y= —+—
TX X

hence, when X =2,y =%
Q89. The random variable X(—o0 < X <) is distributed according to the normal distribution
P (X) = ! e 2o . The probability density of the random variable y = x* is
270°

() L e o< y <o (b) L e o< y <o

[Zﬂ'o'zy 2\’27Z'O-Zy

1 2 1 >

(c) —=e"%", 0<y<w (d) —=e"7, 0<y<w

V2o’ 27’y

Ans. : (a)

X2

1 =
€7 ,-0<X<w

Solution: p(X)=——
\27o?

X2

e 2°dx =1

o0

1

_[ p(x)dx:lzi\/ﬁ

—a0

= MV X Ix1 %
2| ——¢ 27 dx=1=> e 2o dx=1
! 270? \/272’62'([

put x> =y dy:2xdx,dx:L
24y

2

2X;Te20yz 1 dy = 1 T 1 e%dy.
27 2\N \N27o? % \/g

1 Yy
f(y =—€ 2‘72, O<y<OO-

)_ \2ryo’

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com
44




fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

fiziks
LISIK2

Q90. The Green’s function satisfying

d2
Wg(x’xo):é‘(x_xo)
with the boundary conditions g(-L,x,)=0=g(L,x,), is

1 1

“ Z(XO—L)(XJrL), —L<x<X, o I(XO+L)(X+L), —L<x<X,
1 1
I(XO+L)(X—L), X, <X<L I(XO—L)(X—L), X, <X<L
i(L—XO)(x+L), -L<x<X, .
(c) | (d)Z(X—L)(x+L), -L<x<L
Z(x0+L)(L—x), X, <X<L
Ans. : (a)

2
Solution: %g(x,xo):é(x—xo)

boundary conditions:
g(_LaXo):O: g(L’XO)

The homogeneous equation for Green’s function is

d2
0 ¢ (X,%)=0
Solution of above equation is
Ax+ B, X< X
g(x%)= ’
Cx+D, X > X,

Applying boundary condition
g(-L,x)=0=-AL+B=0=AL=B
g(L,XO):O:CL+D:O:>—CL: D

A(x+L), X< X,

H , g(X, X )=
ence, g(X,X,) {C(X—L), x> X,

From continuity of Green’s function at X = X, we have

A(x, +L)=C(x,—L)
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A=

From discontinuity of derivative of Green’s function

We have
a9
OX

a9
OX

LC-A=1=C=A+1

C X, — L
X, +L

.
X=X}

Thus, the required solution of Green’s function is given by

(x,—L)(x+L)

X < X,
2L
900) =) D) (xeL)
L X > X,
2L
Q91. Let o,,0,,0, be the Pauli matrices
[XGX +Yyo, + ZO'Z:IeXp(— 160,
y 2
Then the coordinates are related as follows
X' cos@d —sinf 0)(Xx X'
(@ |y |=]|sin@ cos@ O]|y by
7' 0 0 1)\z 7'
cos— sin— O
X' 2 X X'
@y |= —sing cosg 0|y @y
Z 0 0 1 Z Z
Ans. : (b)

, 0
Solution: o, = [1

)

and

Xo,+Yyo,+7'0,= exp(

0
6_ at X:XO

cos@d sin@ O
—sin@d cos@ 0
0 0 1
cos— —-sin— O
2
sing cosg 0
2 2
0 0 1
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Q92.

Ans. :

z -1y
Hence, xo, + Yo, + 20, = )
X+ly -z

' X -y

X'o,+y'o,+7'0, = . y
' 1 '
X'+iy' -z

igo,) (€77 0 0o, ) (e 0
CXp 7 - 0 p 10/ and exp 2 0 glf/2
Z/ X' . Iyr e|49/2 e—i9/2 0
Hence, . = _
X'+iy -7’ e 2 N\ x+iy -z g e’

(et " Hewgom & )J

Hence, z'=7 and x'—iy’' =e" (x-iy)

Thus X' —iy' = I:(cos 0) X +(sin 0) y:I —i I:(cos 9) y —(sin 6?) X:I
Thus x'=(cos@)x+(sind)y

And y'=(—sin8)x+(cosf)y

!/

X cosd sin@ O0)(Xx
Thus, | ' |=| —sin@ cosd 0 ||y
z' 0 0 1)\z

Which of the following sets of 3x3 matrices (in which a and b are real numbers) forms

a group under matrix multiplication?

0 a I a 0

(@a</0 1 0f; abeR (b)s]0 1 b|; abeR
b 0 1 0 0 1
0 a o0

©) <0 1 b, abeR (d</b 1 0 abeR
0 0 1

(©)
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Solution: In order to form the group the required matrix must satisfy the following conditions.

(a) For any three matrices A,B,C €G A(BC)=(AB)C

(b) There must exist an identity element | such that Al = 1A= A
(c) There must exist an inverse element for each element belonging to G.

(d) For any two matrices A, B € G, the matrix AB € G (closer property).
All the given matrices satisfy property (a), if we put a=0 and b=0, we see that

property (b) also holds for all the given matrices.

If we put a=1 and b=1, in option (a) , two rows becomes identical and matrix in option
(a) is non-invertible. If we put a=1 and b =1, in option (d), two rows becomes identical

and the matrix is non-invertible.

Now only option (b) and (c) remains. For option (b) take two matrices and multiply

1 a 0)1 a, O 1 a+a, ab,
0 1 b0 1 b|=0 1 b, +b,
0 0 1){o 0 1 0 0 1

we see that the resulting matrix does not satisty closure property. For option (3) take two

matrices and multiply

1 0 a)l 0 a) (1 0 a-+a
01 b0 1 b|=/0 1 b+b
00 1Jloo 1) (oo 1

we see that the resulting matrix satisfy the closure property. Hence the correct option is (¢)
Q93. A random variable n obeys Poisson statistics. The probability of finding n=0 is 107°.

The expectation value of n is nearest to

(a) 14 (b) 10° (c) e (d) 10°
Ans. : (a)
Solution: In Poisson’s statistics the probability of finding the value n is given by P (n) = 'u—'e"”
n!

The mean of Poisson’s statistics is . From the question
0
P(0)=10°=10° =£e* =e*=10"
0!
Talking Log of both sides, —¢t=—6In10 = £ =61In10

Hence the expectation value of n is £ =6x2.30=13.8~14
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Q94. Let A be a non-singular 3x3 matrix, the columns of which are denoted by the vectors

a,b and ¢, respectively. Similarly, U,v and W denote the vectors that form the

corresponding columns of (AT )_l . Which of the following is true?

(a) G-d=0,0G-b=0,0-C=1 (b)U-da=0,0-b=1,0-C=0
(c)G-d=1,0-b=0,G-C=0 (d)U-da=0,0-b=0,0-c=0
Ans. : (¢)

Solution: We can take any 3x3 non singular matrix in order to avoid long calculation.

1 00 10 0]

0 2 0 0 1/2 0
Take A=|0 0 3| =(A") 2|0 0 13

I 44 I Ll

da b ¢ i v W
We see that

ua=1.1+0.0+0.0=1

ib=1.0+02+0.0=0
uc=1.0+0.0+03=0

Q95. Consider the real function f (X) =1/ (X2 o 4) . The Taylor expansion of f (X) about X=0

converges
(a) for all values of X (b) for all values of x except x =+2
(c) in the region -2 < x <2 (d) for x>2 and x< -2

Ans. : (¢)

Solution: f(X)= ! = !

X* +4 2
4@+Xj
4

P -1
Thus the Taylor’s series of f (X) is i times the binomial series of [1 +XTJ

2
Now, the binomial series converges if Y= |x|2 <4=(|]x-2)(|x+2)<0
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Since |X| +2 is always greater than 0,
Hence [X|-2<0 = -2<x<2

Q96. Consider the matrix equation

The condition for existence of a non-trivial solution and the corresponding normalised

solution (upto a sign) is

(a) b=2¢ and (x, y,z):%(l,—z, 1)
(b) c=2b and (x,y.2) :L6(1, 1,-2)
1
(c) c=b+1and (x,y,2)=—=(2,-1,-1)
J6
1
(d)b=c+1and (x,y,2)=—=(1,-2,1)
J6

Ans. : (d)
Solution: We know that the matrix equation, AX =0, where A is the given matrix and X is a

column vector has a non-zero solution if and only if |A| =0

1
3|=0=>4c-3b-2c+6+b-4=0
2c

N = =
[ =2 NS

= 2c-2b+2=0=b=c+l
we do not need to perform further calculation.

Q97. Consider the differential equation %4‘ ay =e™ with the initial condition y(O)

I
S

Then the Laplace transform Y (S) of the solution y(t) is

1 1 1
@ i) P bsea) © 26+D) @

Ans. : (a)
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Solution: Given %Jr ay =e™

Taking Laplace transform of both sides
We obtain

L{%}+aL{y(t)} = L{e‘b‘} = sY (s)-y(0)+aY (s)=L

s+b
Since, y(0)=0, we obtain

1 1

(s+a)Y(s):E:> Y(s):m

Q98. The number of linearly independent power series solutions, around X =0, of the second

. . , . d’y dy .
order linear differential equation X—=-+—=+xy =0, is
dx~ dx

(a) O (this equation does not have a power series solution)
()1

(©)2

(d3

Ans. : (b)

Q99. Consider an element U (¢) of the group SU (2), where ¢ is any one of the parameters
of the group. Under an infinitesimal change ¢ —>@+3Jdp , it changes as
U(p)—>U(p)+dU(p)= (1 X (5§0))U (di). To order 8¢, the matrix X (Sp) should

always be
(a) positive definite  (b) real symmetric  (c) hermitian (d) anti-hermitian
Ans. : (d)

Solution: Since, U (¢)=e™™
U(p+dg)=e ™ e ™
U (¢)+0U (4)=(1+ X (dg))U (¢)
1+x(d¢):e—im(d¢) or, 1+ X (dg)=1-im(dg)+...

or, Xd(¢)=—-im(dg)

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

51



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

Q100.

Ans. :

here, m is one of the Pauli spin matrices, since Pauli matrices are hermitian,
taken complex conjugate, so matrix should anti-hermitian.

Hence correct option is (d)

dy(x)

3 =aXx", with the initial condition y(0)=0 , 1s solved
X

using Euler’s method. If y, (X) is the exact solution and Y, (X) the numerical solution

|(YN (X)_yE (X))| .

The differential equation

obtained using n steps of equal length, then the relative error ‘ ( ) ‘ is
Ye (X

proportional to

1 1 1 1
(@) — (b) = (¢) = (d) —

n n n n
(d)

. ody o, B
Solution: == =ax’, y(0)=0
dx
3
Ve =Ol3X ,but x =nn
33
Exact solution, y. = an3h
Numerically, f(X,y)=ax’
Euler’s method, y;, =y, +hf (x_, Vi)
y,=0, Yy, =ah’ y, =5ah’
n—-1)n(2n-1
, _(=tnn-y)
6

Since, 0,5,14,30,...different from square terms
At, X, =0 X, =X, +h=h X, =X, +2h=2h X, =X, +3h=3h

X,_; =X, +(n=1)h=(n-1)h. Now, x, =nh

n-1

f(X%.Y)=0, f(x,y,)=ah®, f(x,y,)=4ah’

f(er,yrH):oz(n—l)2 h?
(n-Dn(2n-1)ah® an’h’
|(yN —YE)|: 6 3
‘ Ve ‘ ‘ an’h’

3
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Yn — Ve

1
m_

By solving,
n

Ye

Q101. The interval [0,1] is divided into n parts of equal length to calculate the integral

e dx using the trapezoidal rule. The minimum value of n for which the result is

o t—

exact, 1S
(a) 2 (b) 3 (c) 4 (d)
Ans. : (a)

1
Solution: I e?™dx =0, exact value
0

Now, nh=1-0, h=l
n

y=f(x)=e"", Let n=2, then X, =0, y, =1, XF%a y,=—land x,=1,y, =1

1

I :g[yo+2(y1 ot Yo )+ Vi | =Z[1+2(_1)+1]

1=0. So, n=2
Q102. The generating function G (t,x) for the Legendre polynomials P, (t) is

G(tX)=———— =S X'P,(t), for|x<!

VI=2xt+x* o

If the function f(X) is defined by the integral equation J. f (x)dx"=xG(1,x), it can be
0
expressed as

@ 3 X" (1)P, (lj ) 3 X", (1)P, (1)

2

© z X", (1)P, (1) (d) Z X", (0)P, (1)
Ans. : (b)
Solution: G(t,X) = S E— i x"P, (t) for |x| <1

VI=2xt+ x> o
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1
G(l,X)=———==) X"P,(1
(1) VI=2x+ x> (1)
- (11X)2 :Z::;ann(l):j Since |X|<1

Now, x-L = I f(x")dx’
l-x 9
Differentiating both sides,

d x 1
f(x)= —_ 2 —
(x) dx 1-x (1_x)2

NET/JRF (JUNE-2018)

Q103. Consider the following ordinary differential equation

d?x l(dsz dx
dt*  x\ dt dt

with the boundary conditions x(t=0)=0 and x(t=1)=1. The value of x(t) at t=2 is

(a) Ve-1 (b) Ve’ +1 (c) Ve+1 (d) ve* -1
Ans. : (¢)

Solution: The given equation can be written as
1d(_ dx) dx d(_dx dx
xdt\ dt) dt dt\ dt dt
. X
putting y = XE gives

ﬂ—y=0:>lny:t+lnclz>y=clet

dt
) dx ¢ ) )
Since XE =, € hence by integrating

X2
- =G e' +c, (i)

Using boundary conditions we obtain

1
C,+¢C,=0 and c e+cC, =3
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Solving these equations we obtain ¢, = 2(e1_1) and ¢, = 2(el_l)
X’ 1 1
Thus, — = t_
us, < 2(e—1)e 2e-1)
? e’ -1
When t =2, we obtain, X’ = e __1 :( ):e+1

Therefore, x(2)=+ve+1
Q104. What is the value of a for which f(X,y)= 2X+3(X2 —~ y2)+2i(3xy+ay) is an analytic

function of complex variable z = X+1iy
(a) 1 (b) O (c)3 (d) 2
Ans. : (a)

Solution: f(x,y)= 2x+3(x2 - y2)+2i(3xy+ay)
u =2x+3(x2 —yz), v=2(3xy+ay)

C-R conditions: u, = V,,U, ==V

X2

2+3(2x)=2(3x+a)=> a=1= -6y =—-6y

A

Q105. Consider the three vectors V, :2f+3I2,V2 =i +2j+2k and v, =51 + j+ak where T, j

and K are the standard unit vectors in a three-dimensional Euclidean space. These vectors

will be linearly dependent if the value of a is

31 23 27
a) — b) — c) — d) o
(a) 1 (b) 1 (c) 2 (d)

Ans. : (a)
Solution: Given vector will be linearly dependent if the determinant of the matrix formed by

taking these vectors as column is zero.

21 5
0 2 1/=0 :>2(2a—2)—(—3)+5(—6)=0
3 2 a

:>4a—4+3—30:0:4a—31=0:a=%
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Q106. The Fourier transform J:w dxf (X)eikX of the function f (X) =M

2 1 2 2
(a) T (b) —m (©) o (d (

2+k2)
Ans. : (¢)

+o0 +o0
Solution: j dxe e™* = J dxe ™ coskxdx odd functionsin kx vanishes

—00 —0
X
e

=2|e *coskxdx =2 ] —cos kx + k sin kx|”
z')‘ 1+k2[ ]0

ax

'.'jeax cosbxdx = [acoshx+bsinbx]

a’+b?
© 0

:>2je"xcoskxdx=2 ¢ 2=L2
0 1+k”  1+k

Q107. The value of the integral

Jil dxjjl1 dy.5 (sin2x)S(x—y) is

(@) 0 OF © & @1
Ans. : (b)
Solution: | = J' dx[dy&(sian)&(x—y): _[ dx & (sin2x) [ 5(y—x)dy

If we assume that x lies between —1 and +1 then the second integral is 1 and the given

integral becomes

/2
1= '[ 5(sin2x)dx

—z/2

now 5(sin 2X) =

1 /2
Therefore, | =5 I 5(X)dX:

-z/2
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Q108. Which of the following statements is true for a 3x3 real orthogonal matrix with
determinant +17?

(a) the modulus of each of its eigenvalues need not be 1, but their product must be 1
(b) at least one of its eigenvalues is +1

(c) all of its eigenvalues must be real

(d) none of its eigenvalues must be real

Ans. : (b)

Solution: The characteristic equation of any 3x3 matrix is of thee form A’ +aA’+bAl+c=0
which implies that at least one of the eigenvalues must be real. It is a proven fact that
modulus of each eigenvalues of an orthogonal matrix is 1.

If all eigenvalues of 3x3 orthogonal matrix are real then only possibilities for
eigenvalues are

A=LA,=land A4, =lor 4, =-1,4, =-LA4 =1or 4, =-14, =14 =-1
Thus we see that at least one eigenvalue is +1. Suppose one eigenvalues is real and other

two eigenvalues are complex conjugates. Now
Ay Ay =1
= 4 (a+ib)(a-ib)=1= 4 (a* +b*) =1
Since @’ +b’ is always positive hence 4 =1.
In this case also we see that at least one eigenvalue must be +1
Q109. In the function P, (X)e*X2 of a real variable x, P, (x) is polynomial of degree n. The
maximum number of extrema that this function can have is
(ayn+2 (b) n—1 (c)n+1 (d) n
Ans. : (c)
Solution: y=P,(x)e™ = P/(x)e™ +P,(x)e™ (-2x)=0 = P/(x)-2xP, (x) =0
P, (x)=LP(x)=2=P/(x)-2xP,(x)=0=0-2x.1=0
x=0, 1 extrema

R'(x)=2xR (x) =0
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Q110.

Ans. :

Solution:

1—2x.x:0:>x:4_rL

2

l.e., 2 extrema.

Thus in general there are (n+1) extrema.

The Green’s function G(x,x') for the equation

boundary values y(O) = y(%j =0,1s

(a) G(x,x')=

(b) G(x,x") =

(c) G(x,x")=

(d) G(x,x') =

(b)

d’y

X2

, T
X| X' ==,
(<%

T
X—=|x',
(%)

—cos X'sin X,

—sin X' cos X,

cos X'sin X,

sin X' cos X,

4

s
O<x<Xx' <=
2
Vs
0<x' <x<=
2
T
O<x<x' <=
2
Vs
O<x' <x<=
2
@
O<x<Xx' <=
2
T
O<W<x<3

T
O<x<Xx' <=
2

!

T
0<x' <XxX<—
2

+y=0=>m+1=0=>m=0=i

y, (x)=sinx(at), y; (x) = cos X

Y, (X)=cosx (at %j,yg(x):—sinx

A={P(X) s (X) ¥ (%)= ¥i (X) ]y, (%)}

= A={-sinX'sin X' —cos’cos X'}
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QI11.

Ans. :

' ;| —sinxcosX/, 0<x<x <X
Ay, (X)y,(X), x<x' 2

Thus G(X,X)Z{Ayz(X)yl(X), oy

. Vs
—cosxsinx’, 0<x'< X<E

. : o . ! . . 1 :
The fractional error in estimating the integral IO xdx using Simpson’s 3 rule, using a step

size 0.1, is nearest to
(a) 107* (b) 0 (c) 107 (d) 3x10™*
(b)

Solution: | :g[yo +2(Yy + Y ) F AV Y Y o) F yn]

:%[0+2(0.2+0.4+O.6+0.8)+4(O.1+O.3+O.5+0.7+0.9+1)]

:%[4+10+1] 252 0.5
fractional error = Al _05-05 =0
e 0.5

Yo 0
Y, 0.1
Y, 0.2
A 0.3
Y, 0.4
Ys 0.5
Ve 0.6
Y, 0.7
Ve 0.8
Yo 0.9
Yio 1.0
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a 0 o0
Q112. One of the eigenvalues of the matrix e” is e*, where A=| 0 0 a |. The product of the
0 a0
other two eigenvalues of e” is
(a) € (b) e (c) e (d)1
Ans. : (d)
Solution: Eigenvalues of matrix A are a, @ and —a . The product of two other eigenvalues of A
are e*a® =1
Alternativety

eTraceA — eﬂﬁﬂ/ﬁﬂg — deteA
— el eh™hs = dete® = e eh =¢?
— et eh =1

Q113. The polynomial f(x)=1+5x+3x> is written as linear combination of the Legendre

polynomials

(Po(x)=1,Pl(x),P2(x)=%(3x2—1)) as £ (x)= 3 ,¢,P (x). The value of ¢, is

1 1
@ (b) B (c) 2 (d) 4

Ans.: (c)

Solution: f (x)=1+5x+ 3x2

X =%(2P2(X)+1>
f (x)="P, (X)+5P, (x)+2P, (x)+ P, (x)
=2P, (x)+5PR (x)+2P,(x)

=P, (X)+¢,P (x)+C,P,(x) ¢, =2

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

60



fiziks
LISIK2

fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

dz tanh 2z
Z sinrxz

Q114. The value of the integral (j)c , where C is a circle of radius %, traversed

counter-clockwise, with centre at z=0, is

(a) 4 (b) 4i (c) 2i (d) o
Ans. : (b)
dz tanh 2z
Solution: ¢ — dz ;
€z sinzz 7l /2
22031,_1323__”' + zi/4
4 4 . .
—7/2 C0] -1 /2
1 Vs
22—1(22)3+£(22)5.... L i/
f (Z) _ 3 15
7
Z[ﬂ'Z— +J —i/2
3!
2,2
2Ly |12
7 2 2!
b =2
Vs
2 2
As Rez=1, tanh and Rez=-1, tamh
-7 -
s 2
Rez Ly —l 2cosechZ—
4 7 4
7 2
Rez _Tay —l 2cosechZ—
4 bis 4
| =27iXR =4i only when 0 lies inside, otherwise wrong question.
Q115. The integral | :J.cezdz is evaluated from the point (~1,0) to Imz
(1,0) along the contour C, which is an arc of the parabola (-1,0) (1,0)

Rez
y = x> —1, as shown in the figure. C

The value of | is
(a0 (b) 2sinh1 (©) e? sinh1 (d) e+e™
Ans. : (b)
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Solution: J‘C f(z)dz=27iZR

J.c f (z)dz+]]exdx:0
1

1

- - _al
f(z)dz=- 1exdx: 1exdx:(e—e)-Z:ZSinhl
Lf(2) 1 | 5

Q116. Interms of arbitrary constants A and B, the general solution to the differential equation

2
X2M+5Xdy

—+3y=01is
dx’ ax Y
(a) y:é+Bx3 (b) y:AX+E3
X X
(c) y=Ax+Bx’ (d)yzéJrE3
%X

Ans. : (d)
Solution: The given equation is Euler-Cauchy differential equation. The characteristic equation

of

2
x2%+5xg—y+6y:0
X X

is, M +4m+6=0=>m=-3 or m=—1

Thus, y, =X =l and y, =X :%
X X

Therefore the general solution is

A B
y=—+—<
X X
_d?y(x) .
Q117. The Green’s function G (X, X') for the equation e =f (X), with the boundary values
X

y(0)=0 and y(1)=0, is

1 ! !
—x(1-x), 0<x<x<1 x(xX-1), 0<x<x<I

(a) G(x,x') = (b)G(X’X’):{x'U_x) 0<x <x<l1

%x’(l—x) 0<x' <x<l1
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1 ! !
——x(1-x"), 0<x<x'<l1 x(x-1), 0<x<x<l

) G(x,x)={ 2 (d) G(x,x ={ \ ,
) lx’(l—x) 0<x <x<l1 ) X(x=1) 0<x'<x<l
2

Ans. : (d)
Solution: 2Z/=f(x)
dx
p(x')=1
X =1Ly, =X
Y, =X Y, =1-X W=)1( l:lxz—l
A=-1

=3 3 e B e

Q118. A 4x4 complex matrix A satisfies the relation A"”A=4I, where | is the 4x4 identity
matrix. The number of independent real parameters of A is
(a) 32 (b) 10 (c) 12 (d) 16

Ans. : (d)

Solution: Given that ATA=4] = %( A"'A) —

Let A=2B then

A" =2B'

Therefore, B'B = |

This shows that B is a unitary matrix. The number of independent real parameters
needed to specify an nxn unitary matrix is n°. Thus, the number of independent
parameter needed to specify matrix B is 4> =16.

Now, the number of independent parameters needed to specify matrix A is same as that

of matrix B.

Thus the number of independent parameters needed to specify A is 16

H.No. 40-D, Ground Floor, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com | Email: fiziks.physics@gmail.com

63



fiziks

Institute for NET/JRF, GATE, IIT-JAM, M.Sc. Entrance, JEST, TIFR and GRE in Physics

fiziks
LISIK2

QI119. The contour C of the following integral

@‘gdz (z-1)(z-3)

¢ (2£-25)
in the complex z plane is shown in the figure below.
C

e

This integral is equivalent to an integral along the contours

el
LoD

(c)

W"?@

Ans. : (c)

Solution: z =1,3 are branch points oo is not a branch point 1 branch cut 3

Q120. The value of the integral Ll x*dx, evaluated using the trapezoidal rule with a step size of

0.2,1s
(a) 0.30 (b) 0.39 (c) 0.34 (d) 0.27
Ans.: (c)
Solution: | :%[0+2(0.04+0.16+O.36+0.64)+1] X f(x)
X, 0 0
=0.1(2.4+1)=0.34 X 0.2 0.04
X, 0.4 0.16
X 0.6 0.36
X, 0.8 0.64
X 1.0 1.00
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